Self-maps of spaces in fibrations which appear in Postnikov systems are studied. The results are applied to obtain relations among self-homotopy equivalences of spaces in those fibrations to prove inequalities among self-closeness numbers of those spaces. Making use of the models of Sullivan, self-closeness numbers of rational spaces are also examined and some examples of rational spaces are studied precisely.
Introduction
The purpose of this paper is to study self-homotopy equivalences of spaces in connection with fibrations and obtain some relations between self-homotopy equivalences of a space and those of the induced fiber. Therefore, our results can be applied to determine the self-closeness number N E(X) of a space X defined by Choi and Lee [2] (see Definition 3.2) .
Let G be an abelian group and K(G, n) the Eilenberg-MacLane space. In this paper we consider the following type of fibration sequence: In [15] we studied self-homotopy equivalences of spaces in cofibrations. However, the results in this paper are not obtained by trivial dual arguments.
In Section 2 we prove the following (Theorem 2 In Section 4 we use Sullivan models to obtain rational results. Making use of the algebraic method, we can study fibrations. First, we give some interesting examples and counter-examples. In particular, we show that there can exist six different self-closeness numbers' types of almost free circle actions on a product of five odd dimensional spheres in Example 4.6. Second, we prove the following (Theorem 4. 
then N E(X) N E(Y ).
It is the result of Theorem 3.9 in the case G = Z under a different condition than the above. Third, we show a dichotomy example (Theorem 4.10) of fibrations for the self-closeness number, that is, we characterize the conditions N E(X 0 ) < NE (Y 0 ) and N E(X 0 ) = N E(Y 0 ) by the other conditions such as formality [3] and cohomological conditions. Here X 0 and Y 0 are the rationalizations of X and Y , respectively.
An application of a result of Ganea
In this paper, we consider based spaces and based maps and based homotopies. We study a dual result of Proposition 2 of [15] by the form of Proposition 2.5 and Theorem 2.6: Consider the following diagram for m 0:
There does not always exist a map t : K(G, m + 2) → K(G, m + 2) which makes the above diagram homotopy commutative (Remark 2.7). However, for a fibration
, we prove by Proposition 2.5 that if two maps g and f exist such that the left square in the following diagram is homotopy commutative, then, there exists a map t : K(G, m + 2) → K(G, m + 2) which makes the right square homotopy commutative:
Therefore, Theorem 2.6 is not a complete dual of Proposition 2 of [15] . In the proof of Proposition 2 of [15] , we used the properties of cofibrations and we applied Hurewicz theorem to the results of homology groups. However, we cannot use the dual arguments for fibrations and therefore we use Theorem 1.1 of Ganea [6] in the following arguments.
Let 
Then the homotopy fibre F γ of γ is weakly homotopy equivalent to X * ΩK(G, m + 2) by Theorem 1.1 of Ganea [6] .
is injective for k m + 3 and surjective for k m + 2.
Proof. (1) We have the result by Lemma 2.1 and the long homotopy exact sequence for the fibration
is surjective for k m + 3 and injective for k m + 2 by a theorem of J. H. C. Whitehead, where Z is the additive group of integers (see (7.13) Theorem (p. 181) of Whitehead [18] [7] .
Proof. By Proposition 2.2(3) we have an isomorphism
which is an isomorphism between homotopy sets: 
Proof. By Proposition 2.4, we have a map t : K(G, m + 2) → K(G, m + 2) which makes the right square homotopy commutative. It follows that the middle square is homotopy commutative too: 
Proof. Consider the following diagram of pairs of spaces:
Moreover, j, j and j are inclusions and 
Therefore the following diagram of homotopy groups is commutative:
Here, we see
is an isomorphism by the property of the fibration. Moreover, we have isomorphisms
Then we have the result by the following commutative diagram, since we may write
Remark 2.7. Let m 0. Consider the following diagram:
(1) There does not always exist a map t : K(G, m + 2) → K(G, m + 2) which makes the above diagram homotopy commutative as in the following example:
Let
be the projection to the first factor and i : S m+2 ⊂ K(Z, m + 2) the inclusion map. Let γ be the composite:
m+2 is the switching map, then the following diagram is not homotopy commutative for any map t :
We note that
which makes the above diagram homotopy commutative.
Example 2.8 (Rational version)
. Let m 2. Let Q be the additive group of rational numbers. We consider the following fibration sequence: 
Then there exists an element t ∈ [K(Q, m + 2), K(Q, m + 2)] ∼ = Q such that the right square in the above diagram is homotopy commutative and s = a • t • b for some a, b ∈ E(K(Q, m + 2)) by Theorem 2.6 applied to the case G = Q.
A theorem for special types of fibrations
We first consider the following fibration sequence:
where G is an abelian group. 
Then the following results hold:
Proof. We have the results by the long homotopy exact sequence.
A condition for N E(Y ) N E(X)
Choi and Lee [2] introduced the following concept:
is an isomorphism for any i k}, 
m by the Whitehead theorem (see (3.9) Corollary (p. 222) of Whitehead [18] ).
, there exists a map s : K(G, m + 2) → K(G, m + 2) which makes the right square in the following diagram homotopy commutative:
Therefore, there exists a map g : X → X which makes the above diagram homotopy commutative. We see g :
is an isomorphism for any d m by Proposition 3.1 and 
Assume that there exists an element
holds, and hence we have the result. 
Here, 
A condition for N E(X) N E(Y )
TheoremΩK(G, m + 2) = K(G, m + 1) q − − → X i − − → Y γ − − → K(G, m + 2).
Assume that γ : Y → K(G, m + 2) satisfies the condition that if the following diagram:
is homotopy commutative for some f ∈ E(Y ) and t :
)). Under this condition the following inequality holds:
is an isomorphism for any d k m. By the argument in Nomura [14] , there exist maps f : Y → Y and s : K(G, m + 2) → K(G, m + 2) which make the following diagram homotopy commutative:
Now, by Theorem 2.6, there exists a map t :
is homotopy commutative. Since f ∈ E(Y ), we have t ∈ E(K(G, m + 2)) by the assumption. Therefore g ∈ E(X) by the five lemma applied to the long homotopy exact sequences. It follows that N E(X) k = N E(Y ). 
Assume that the induced homomorphism
is a monomorphism and satisfies the condition that 
We see 
If the induced homomorphism
is a monomorphism and satisfies the condition that
Proof. By Theorem 3.7 and Proposition 3.8, we have the result. 
] is an isomorphism, the conditions in Theorems 3.3 and 3.9 are satisfied, and hence the result follows.
The following proposition shows a case where the condition of Theorem 3.7 holds.
Proposition 3.11. Let m 0. Let t = t1 K(Q,m+2) : K(Q, m + 2) → K(Q, m + 2) be a map induced by an element t ∈ Q. Let f ∈ E(Y ) and f ∈ E(Y ) be its inverse. Consider the following commutative diagram:
Y f γ / / K(Q, m + 2) t Y γ / / K(Q, m + 2)
If γ = 0, then t = 0 and the following diagram is homotopy commutative:
where
] is an isomorphism. Therefore, by the commutativity of the above diagram, we see t • γ = γ • f = 0, and hence t = 0. Then we have
It follows that We begin with an example to understand the relation between and c. To consider the case where K(G, m + 2) = K(Z/ , m + 2) and (c, ) = 1 in Theorem 3.18, we have to prove the following two lemmas. In Lemma 3.15(1), we consider the case, for example, = 2 s , w = 2 t and = 2 s−t with 1 t < s and c is an odd integer. Thus the condition (u, ) = 1 implies (v, ) = 1 since contains any prime divisor of .
then N E(X) = N E(Y ).

Proof. We have the results for (i)
(2) Let w = pw for some integer w 1 and (p, ) = 1. Then there exist integers x and y such that px + y = 1. Assume that h c (h u ) = h c (h v ) and (u, ) = 1. It follows that 
is not an isomorphism. In this case, the condition h c (h u ) = h c (h v ) and (u, ) = 1 does not imply (v, ) = 1. 
Lemma 3.17. Let m 0 and 2 be integers. Assume that there is an element
ζ ∈ [Y, K(Z/ , m + 2)] such that ζ : [K(Z/ , m + 2), K(Z/ , m + 2)] → [Y, K(Z/ , m + 2)] is an isomorphism, that is, [Y, K(Z/ , m + 2)] = {a • ζ | a ∈ [K(Z/ , m + 2), K(Z/ , m + 2)] } ∼ = Z/ . (1) If f ∈ E(Y ), then there exists an element u ∈ Z/ such that ζ • f = h u • ζ and (u, ) = 1. (2) If f ∈ E(Y ) and γ = h c • ζ for some c ∈ Z/ , then we have γ • f = h u • γ for the element u ∈ Z/ in (1). (3) Let γ = h c • ζ for some c ∈ Z/ and = w and c = wc with ( , c ) = 1. Let f ∈ E(Y ) and γ • f = h u • γ for the element u ∈ Z/ as in (2). Assume that γ • f = h t • γ for another element t ∈ Z/ . Then,(3-
Proof. (1) Since f ∈ E(Y ), the induced homomorphism
and hence there exists an element u ∈ Z/ such that (u, ) = 1 and
We have the results (3-1) and (3-2) by Lemma 3.15 (1) and (2), respectively. 
If there exists an element
is an isomorphism for any d k m. By the argument in Nomura [14] , there exist maps f : Y → Y and s : K(Z/ , m + 2) → K(Z/ , m + 2) which make the following diagram homotopy commutative:
] such that (u, ) = 1 by Lemma 3.17(1)(2) since f ∈ E(Y ) as in the following diagram:
By Theorem 2. 
By Lemma 3.17(3) we see (t, ) = 1 and hence t is a homotopy equivalence. Therefore, f ∈ E(Y ) and the maps t : K(Z/ , m + 2) → K(Z/ , m + 2), Ωs : ΩK(Z/ , m + 2) → ΩK(Z/ , m + 2) are homotopy equivalences, and hence g ∈ E(X) by the five lemma applied to the long homotopy exact sequences. It follows that (
, where deg(x) = 2.
. Consider the following fibration sequence for c 1: 
is an isomorphism for any d k. By the argument of Nomura [14] , there exist maps f : Y → Y and h : F → F which make the following diagram homotopy commutative:
Then from the long homotopy exact sequences of ξ we have the following commutative 
We refer the reader to [9] for the rational fibration and the Sullivan model. 
Moreover, we may put f (x) = ax, f (y) = by and f (z) = abz for a, b ∈ Q for reason of the degrees, and hence we have
There is a rationalized fibration
where Y is a rational space with H * (Y ; Q) = Q[x]/(x m ) with |x| = n even. It is given by the KS-model
by a suitable change of basis. Thus N E(X) can be arbitrary large for N E(F ) and N E(Y ).
(2) Let H * (C; Q) = Q[y]/(y 3 ) with |y| = 6 and F = (
10 ) 0 be a rationalized fibration given by the KS-model
with |z| = 10,
and 
where p 2 is the projection to the second factor. Then N E(X) = 3 < 5 = N E(Y ). and 4 and M (Y ) = (Λ(x, y), 0) with |x| = 3, |y| = 5. Then there is a fibration
given by the KS-model
On the other hand, we have a fibration
where |v| = 7 and
(3) In Proposition 3.4, we need the condition that
See, for example, Theorem 4.10(i) in Section 4.3. 
with |u| = 2, |x| = 3, |y| = 5, Dx = u 2 and Dy = u 3 . It follows that
(3) In Theorem 3.9, we need the condition that γ is a monomorphism. We note that Remark 3.5 is an example where γ = 0.
Theorem 4.5. Suppose that a Lie group G acts on a space X. Let (n 1 , . . . , n l ) with n 1 · · · n l be the rational type of G and n l < conn(X). Then
Proof. There is a Borel fibration X → EG × G X → BG (p. 69 of [1] ). Then the result follows by Theorem 3.20. Λ(t, v 1 , v 2 , v 3 , v 4 , v 5 ), D) .
Hence N E(X/S 1 ) = 2.
A dual result of the case of cofibrations
In this subsection, we give an Eckmann-Hilton dual result of cofibrations studied in Theorems 3 and 4 of [15] . The following proposition is proved by making use of the Sullivan model for the case where G = Z and [Y, K(Z, m + 2)] is a free group, which is a special case of Theorem 2.6. For the case G = Z and H m+2 (Y ; Z) is torsion free, we have the following result without the additional conditions in Theorem 3.9.
